Abstract. The paper introduces the notions of an elliptic pair, an elliptic cycle and an elliptic list over a square free positive integer d. These concepts are related to the notions of amicable pairs of primes and aliquot cycles that were introduced by Silverman and Stange in [ 
Introduction
Throughout this paper d will denote a positive square-free integer, and prime numbers p and q will be larger than 3. Consider an elliptic curve group E over the rational numbers. Suppose that for some fundamental discriminant d the group E has complex multiplication in Q( √ −d): If E has good reduction over a finite field K then the order of the corresponding elliptic curve group is computed from |K| and d. Depending on the value of d there are two, four or six possible values for this order. Some of these values may be prime. We consider the problem of finding a prime number p and a fundamental discriminant d such that a corresponding elliptic curve group over the field F p has prime order q.
In Section 2 we examine for a given value of d ordered pairs (p, q) of prime numbers related as above, and introduce the notion of an elliptic pair over d. Although the definition of the binary relation of being an elliptic pair over d does not appear to introduce a symmetric relation, we prove that this relation is in fact symmetric (Theorem 2.7), a fact we refer to as "the law of elliptic reciprocity". The relation of being an elliptic pair imposes constraints on the prime numbers so related. Our first result in this direction is given in Theorem 2.8 for the case when d is not 3, returning to the case d = 3 in a later section. We also show that a special integer A identified by Silverman and Stange for the d = 3 case has an analogue for other values of d (Theorem 2.9 and Corollary 2.10). This integer is useful for ruling out pairs of prime numbers that are not elliptic pairs over a given d, and it is also useful in identifying the d over which a given pair of prime numbers could be an elliptic pair.
The case when d is 3 in several instances has to be handled separately. Though Section 3 contains results for general d, it is dominated by results about d = 3. In this section we take up the question of how long directed paths (elliptic lists) or cycles (elliptic cycles) can be found in the "elliptic pair over d" relation. First we establish the special place of d = 3 in this question. If for a d there is a proper elliptic cycle of length n > 3 over d, then d = 3 and n = 6 (Theorem 3.4). And then we proceed, using several additional constraints on elliptic cycles for d = 3 derived in this section, to search of elliptic cycles over d = 3 not ruled out by our results. One of the main computational results of this section is finding a proper elliptic 6-cycle over d = 3. Corollaries (3.6) and (3.7) and Theorem (3.8) provide information that makes the search for elliptic 6-cycles over 3 more efficient than a brute force search. Our findings in this section clarify points left open in Remark 6.5 on [5] : In particular, there are proper elliptic cycles of length larger than 3 when d = 3.
Having determined in Section 3 that for d = 3 proper elliptic lists and proper elliptic cycles over 3 of length 6 exist, and that this is the optimal length, and having determined that for d = 3 proper elliptic cycles cannot have length larger than 2 we turn to the question of the length of proper elliptic lists for d = 3 in Section 4. In Theorem 4.1 we connect the problem of existence of proper elliptic lists of length n over d = 3 with quadratic polynomials generating n consecutive prime values. Using a classical prime generating quadratic polynomial of Euler we exhibit a proper elliptic list of length 40 over d = 163. In Theorem 4.2 and Corollary 4.3 we derive upper bounds on the length a proper elliptic list over d = 3 can have. We do not have any indications on whether this upper bound is optimal. In anticipation of further research on this topic, we introduce three functions defined on the set of squarefree positive integers: M, the "maximal allowable list length" function, L, the "maximal achievable list length" function, and f , the function that measures the discrepancy between M and L. On very meager evidence we suspect that this discrepancy function may be computable in terms of the class function h -i.e., the values f (d) may be related to the values h(−d).
In the final section, Section 5, we give heuristic arguments to support a conjecture on an asymptotic estimate in terms of d and X for the number of elliptic pairs over d occurring below an integer X. Finally, in Theorem 5.1, we derive for d ≡ 8 3 the existence of infinitely many anomalous primes from Bunyakowski's Conjecture for quadratic polynomials.
The Appendix contains a proof of Theorem 2.4, and two tables of data supporting some of our work.
Elliptic Pairs
Because fields of characteristic 2 and 3 often must be considered separately when dealing with elliptic curves, we restrict our paper to prime numbers larger than 3. From now on, all prime numbers p and q are without further comment assumed to be larger than 3.
Definition 2.1. For a square-free positive integer d, an ordered pair (p, q) of prime numbers is said to be an elliptic pair over d if there exists an elliptic curve E with complex multiplication (CM) in Q( √ −d) having order q when examined over F p . The notation (p, q) d denotes the fact that the ordered pair of prime numbers (p, q) is an elliptic pair over d. The witnessing curve E is called a representative curve of the pair.
For example, (7, 13) 3 is an elliptic pair because the representative curve E : y 2 = x 3 + 3 has order 13 when considered over the field F 7 .
It should be noted that Definition 2.1 as given is not a symmetric relation in p and q. Theorem 2.7 below addresses this point. Among the fundamental discriminants d with d ≡ 4 3, the case of d = 3 has to be treated separately. The curves E with CM in Q( √ −3) are precisely those with j(E) ∈ {0, 54000, −12288000} [4] . Curves with j(E) = 54000 have trivial 2-torsion, but some curves with j(E) = 0, −12288000 have trivial torsion (over Q), so we must consider those. Curves with j = −12288000 are covered fully in [5] , and they can be treated in exactly the same way as other curves with CM, so we omit a full discussion of them here. When j(E) = 0, E has the form E : 
if k is a CR, but not a QR, mod p p + 1 − a ± 3b if k is a QR, but not a CR, mod p p + 1 + a ± 3b if k is neither a QR nor a CR mod p.
Proof. This result is well-known; the proof is entirely computational and is contained in Appendix A. The end result is that
It immediately follows that if (p, q) 3 is an elliptic pair, then p ≡ 3 1. Note also that if k is a QR modulo p then 3|N p , and if k is a CR modulo p then 2|N p . From this observation, two corollaries follow immediately:
Corollary 2.5. Let p ≡ 3 1 be a prime and let E : y 2 = x 3 + k be an elliptic curve with k ≡ p 0. If #E(F p ) is prime, then k is neither a QR nor CR, except in the case where p = 7 and k ≡ 7 4 (in which case N 7 = 3). Corollary 2.6. Let p > 7 be a prime, and let E : y 2 = x 3 + k be an elliptic curve. Then #E(F p ) can take on at most 2 prime values, both of which are equivalent to 1 mod 3.
Theorem 2.7 (The Law of Elliptic Reciprocity
Proof. This is a direct consequence of Theorem 6.1 in [5] for d = 3 and for curves of non-zero j-invariant for d = 3.
When d = 3 and j = 0, we use Theorem 7.1(d) in [5] , which states that if E : y 2 = x 3 + k has prime order q modulo p, then E has order p modulo q if and only if 4k
is the sextic residue character. Since 1/6 th of all 4k coprime to p 0 = 2, 3 have
for a particular choice of sign, we can choose k such that
, so Proof. We know that q = p + 1 + a p and by Theorem 2.7 that p = q + 1 − a q , so a q = a p + 2. Then because
The corresponding case of the above Theorem for d = 3 with representative curve having j = 0 will be covered in Section 3. As we shall remark below, the number A pq treated in the following three results is very useful in analyzing the relation (p, q) d . Theorem 2.9. Let (p, q) 3 be an elliptic pair. There exists an integer A = A pq such that
Choose the sign on A such that A ≡ 4 p + q + 1. Then E :
where g is a particular primitive root modulo q, can have one of six orders N q over F q :
(1) If m ≡ 6 0:
Proof. The existence of A is proven in [5] (Corollary 7.6(a)). The rest follows from comparing the orders in terms of A (Corollary 7.6(b) of [5] ) and in terms of the values given in our Theorem 2.3. The six values from [5] are:
Note that if our choice of primitive root g does not make the order of E : y 2 = x 3 + g over F q equal to p, then we can take g ← g −1 to produce the desired result.
Corollary 2.10. Let (p, q) 3 be an elliptic pair with representative of invariant j = 0. If we write p = a 2 + 3b 2 , with a ≡ 3 −1, and we choose the sign on b such that
Proof. We calculate:
We can also state Corollary 2.10 for d = 3.
Corollary 2.11. Let d be a squarefree positive integer larger than 3 and Let (p, q) d be an elliptic pair over d with p = q Then there exists an integer A pq such that
Proof. We write 4p = a The number A pq is useful: Given p, q and d we can compute
, and then we know immediately that if this number is not a perfect square, then (p, q) d is not an elliptic pair. Moreover, given only p and q within each other's Hasse intervals, we can compute the numerator of the quantity (1) and factor out any perfect squares to compute a d for which (p, q) d could be an elliptic pair. This provides a convenient proof that p and q sufficiently close together form an elliptic pair for exactly one square-free value of d.
Elliptic Lists and Elliptic Cycles
.., p n are all distinct primes, then the elliptic list is a proper elliptic list of length n over d.
We will see in Theorem 4.2 that proper elliptic lists of length n ≥ 3 over d = 3 are all represented by elliptic curves of zero j-invariant, so we will take j = 0 and d = 3 to be equivalent cases throughout this section.
be an elliptic list with p 1 , p 5 = p 3 and p 2 = p 4 , then
Rearrangement of terms gives the stated result. p 2 , p 3 , ..., p n ) d forms an elliptic list and (p n , p 1 ) d forms an elliptic pair. If the list is proper, then we say that we have a proper elliptic n-cycle. Proof. When j = 0 (d = 3 and some d = 3 curves), this result strengthens Corollary 6.2 of [5] , but it utilizes the exact same proof. Recall that if j = 0, then #E(F p ) = p + 1 ± a. In particular, one of these values is greater than p, and the other is no larger than p. If we have a proper elliptic cycle over d, it has a least element. Let p be this least element, and let (p, q) d and (r, p) d be the elliptic pairs it is part of. Then either q or r is less than p, a contradiction. Now let d = 3 and j = 0. We note that by Theorem 3.2,
Suppose that n = 4. then p 1 − p 2 = p 5 − p 4 . But because we have a 4-cycle, p 1 = p 5 , so p 2 = p 4 , and the cycle is not proper. Now we let n = 5. We have that p 1 − p 2 = p 5 − p 4 and p 2 − p 3 = p 6 − p 5 , so
Setting p 1 = p 6 implies that p 3 = p 4 , so the cycle is not proper. Now let n ≥ 6. Again, p 1 − p 2 = p 5 − p 4 and p 2 − p 3 = p 6 − p 5 , so
, and thus p 1 = p 7 . This means that if a proper n-cycle has length at least 6, then it has length exactly equal to 6.
Given
2 , and choose h such that e − f = g + h. Then
Corollary 3.6. Let (p 1 , p 2 , p 3 , p 4 , p 5 , p 6 ) 3 be a proper elliptic list, and let p 1 = a 2 + 3b 2 , with a ≡ 3 −1. Then:
Proof. The values for p 2 , p 3 , p 4 are given in the proof of Theorem 3.5. Note that the process to obtain p 6 from p 1 is exactly the same as the process to obtain p 2 from p 1 , but the sign of b is flipped. Thus, the formulae for p 2 and p 6 are the same, except that the sign on b is flipped. The same relationship holds for p 3 and p 5 . Proof. Note that the "a"-component of p 4 in the proof of Corollary 3.6 is congruent to −1 modulo 3, as was the "a" component of p 1 . If there were a proper elliptic list of length 7, then using p 4 as the initial point of an elliptic list of length 4 over 3, we see from Theorem 3.5 that the "a"-component of p 7 would have to be −(−a − 2) − 2, which is a, and thus p 7 = p 1 , contradicting that the list of length 7 is a proper list.
The following result allows some efficiency in searching for proper elliptic six cycles:
2 is part of a proper elliptic 6-cycle over d = 3, then a ≡ 7 −1 and 7|b.
Proof. The proof is entirely computational, taking the orders found in Corollary 3.6, and then computing all the primes modulo 7. We find that at least one is divisible by 7, a contradiction, except in the case that a ≡ 7 −1 and 7|b. Then every prime in the cycle is equivalent to 1 modulo 7. The cases are given in Table 1 in Appendix B.
Due to the structure imposed by Theorem 3.2, it is clear that we can determine all the primes in a proper elliptic 6-cycle given a single prime in the cycle. Using divisibility by 7 to eliminate possible cases, we wrote a computer program to search the remaining values of a and b to find 6-cycles. It found them almost immediately, with the smallest being 2 + 3 · 7 2 , and compute the six orders of Theorem 2.3, then we get the six primes given above. Of course, Theorem 2.3 does not apply here as c is composite, but it just so happens that c + 1 is prime (this is not the case in general).
The concept of a proper elliptic 6-cycle is similar to the notion of an aliquot cycle defined by Silverman and Stange [5] , except that an aliquot cycle fixes a curve E such that N p 1 = p 2 , N p 2 = p 3 , ..., N pn = p 1 . It is not too difficult to see that any proper elliptic cycle can be made into an aliquot cycle. Find curves E i /F p i , 1 ≤ i ≤ n such that N p i = p i+1 for 1 ≤ i ≤ n − 1 and N pn = p 1 . The coefficients of E i are only defined uniquely modulo p i , so we can use the Chinese Remainder Theorem to find the unique coefficients modulo n i=1 p i which are equivalent to the coefficients of E i modulo p i for all 1 ≤ i ≤ n. In the case of the list above, we can rewrite it as (274723, 275269, 276319, 276823, 276277, 275227) 3 to get the smallest (normalized) aliquot cycle corresponding to the curve E : y 2 = x 3 + 15. In the course of computing the cycle above, we also found other 6-cycles with 3 primes represented, each twice. Here, p 1 = p 2 , p 4 = p 5 , and p 3 = p 6 , so that p 1 and p 4 are the socalled anomalous primes. We found 3 cycles of this form with primes less than one million. After these cycles, the next smallest one has primes greater than ten million.
Properties of Proper Elliptic Lists
We saw in section 3 that proper elliptic lists over d = 3 have length no longer than six. In this section, we explore proper elliptic lists over d = 3. Such lists are either increasing or decreasing (because #Ẽ(F p ) = p + 1 ± a; see the proof of Theorem 3.4), so we will assume throughout that lists are written in ascending order. This list corresponds to the famous polynomial n 2 +n+41, which is prime for n = 0, 1, . . . , 39. It is still unclear whether proper elliptic lists of arbitrarily long length exist, although we have an upper bound for the length given d in Theorem 4.2. 
First consider the case
The numbers a 1 , a 2 , . . . , a n take every value modulo z because z is odd and the a i 's increment by two, so one of them, say a j , will be divisible by z. Therefore,
and thus z|p j , a contradiction unless z = p j , which we cover below. Now consider the case
Assume that n ≥ z. As before, the numbers a 1 , a 2 , . . . , a n take every value modulo z, so one of them, say a j , will satisfy a j ≡ z b √ −d. Therefore,
implying that z|p j , a contradiction unless z = p j , which we cover below. It remains only to consider the case that one of the elements in the cycle is in fact z. The smallest number which can be written as
, and z is never more than this value, so we only have to look at the case
. In this case,
, and p z = (2z−1) 2 +(4z−1) 4 = z 2 is composite.
In particular, we see that for d = 3, j = 0,
= 0, so we cannot construct any proper elliptic lists of length n ≥ 3 in this case -only elliptic pairs. 
is related to the class number h(−d) in some way, but we have not been able to prove any results so far, other than the fact that f (d) = 1 if h(−d) = 1.
The Relationship between Elliptic Pairs and Current Conjectures
The distribution of elliptic pairs is of primary importance because it determines the time and space complexity of algorithms for generating elliptic curves of prime order (see [2] , for example). Although thus far nobody has explicitly formulated a conjecture for this, many similar heuristics and conjectures (see [2] , [5] , [3] , [8] ) suggest that the number of elliptic pairs (p, q) d with primes p ≤ q less than X should be asymptotic to
for some constant C d as X → ∞. It is believed that C d is greater than zero for all positive square-free integers d ≡ 8 3, but so far it is not even known if the number of elliptic pairs for any given d is infinite.
The remark at the end of Section 2 indicates that for every pair of primes within each other's Hasse interval, we have an elliptic pair. By the prime number theorem, for any given p, the probability that another number q near it is prime is approximately 1/ log p, so p forms an elliptic pair with about 4 √ p/ log p primes, of which roughly 2 √ p/ log p are greater than p (so that we only consider unique elliptic pairs, since Theorem 2.7 indicates that the order of p and q does not matter). 
, this suggests to us that for any given d, the number of elliptic pairs with primes less than sufficiently large X should be about
Because the above sum diverges as X → ∞, we see that for at least one value of d, there must be an infinite number of elliptic pairs. Furthermore, we would expect that
as a first-order approximation. Unfortunately, this seems to contradict experimental data obtained by Silverman and Stange in Section 9 of [5] , which shows a reciprocal relationship for d's with class number h(−d) = 1. As −d grows larger, however, the frequency of elliptic pairs decreases in general. Therefore, it is likely that our heuristic must be altered to include the class number in some way. Replacing
gives the closest results to our analysis, although we have no heuristic reason why this formula should be chosen.
We computed d for every possible pair of primes (p, q), each less than 10 7 , and examined the results for all d ≡ 8 3 such that h(−d) = 1, 2, 3, 4. We found that
in agreement with our guess, with C ≈ 0.16. Unfortunately,
for all the values we looked at, so our results are ineffective in computing the actual value of C d . Furthermore, the value C 3 ≈ 1.757 is about 6.26 times greater than expected, so it is likely that the d = 3 case must be examined using a different heuristic, just as it had to be treated separately earlier. Our results are given in Figure 1 , with the data listed in Appendix C.
Elliptic pairs are also related to the Bunyakowsky conjecture for quadratic polynomials. The Bunyakowski conjecture states that all irreducible polynomials p(x) with integer coefficients of degree greater than or equal to two such that there does not exist a prime m which divides p(x) for all integers x take on an infinite number of prime values. Such polynomials are called Bunyakowski polynomials. The case for polynomials of degree one was proven by Dirichlet. Proof. Let d = 3, and let (p, p) 3 be an elliptic pair. Then p = p + 1 + a − 3b, so a = 3b − 1. As p = a 2 + 3b 2 , we have that
which is easily checked to be a Bunyakowski polynomial. (1 + db 2 ). We know that b must be odd so that p is an integer, so we set b = 2c + 1 and then
Since 4|(1 + d), this polynomial has integer coefficients, and it is easy to check that it is a Bunyakowski polynomial.
or non-residue. The number of each is the same, so this gives us p points. Adding the point at infinity O, we have that
Now let p ≡ 3 1. Choose a primitive root g modulo p and let χ 6 (g j ) = e ijπ/3 be a Dirichlet character. Then χ Lemma A.1. Let p ≡ 3 1 be prime and let x ∈ F × p . Then
for t ∈ {2, 3, 6}.
Proof. Since p ≡ 3 1, we also have that p ≡ 6 1, so there are six sixth roots of one in F × p . Therefore, if there is a solution to u 6 = x, there are six solutions. Write x ≡ p g j . Then x is a sixth power modulo p if and only if 6|j. We have
e ij π/3 , which evaluates to six if 6|j and to zero otherwise, giving us exactly the number of u for which u 6 ≡ p x. This proves the lemma for t = 6; the proofs for t = 2 and t = 3 follow similarly.
Lemma A.2. Let p ≡ 3 1 be prime. Then which is the original sum. As χ 6 (g) = 1, the sum must be zero.
We now show that the number of points on E can be expressed in terms of Jacobi sums. By separating out the terms where x = 0 and y = 0, we find that the number of points is #{O} + #{y : y 2 = k} + #{x : x 3 = −k} + a+b=k;a,b =0
#{y : y 2 = a}#{x : x 3 = −b}.
By Lemma A.1, the first three terms evaluate to 1, 0  0  0  1  3  4  3  1  0  0  1  3  1  3  0  2  0  0  0  2  5  0  2  2  0  5  0  0  3  6  5  0  3  4  2  0  0  4  6  2  4  3  0  5  0  0  5  5  5  0  2  2  0  0  0  6  3  0  2  0  3  1  0  1  0  1  3  0  2  0  3 ineffective. The data, shown in Figure 1 , support this conjecture, however. The rest of this appendix consists of a table (Table 2 ) of the data we collected for values of d with class number h(−d) ≤ 4.
